Abstract-This paper proposes a new class of two-channel structural perfect reconstruction (PR) finite-impulse response / infiniteimpulse response (FIR/IIR) filter banks (FBs) called the multi-plet FBs. It generalizes the structural PR FBs proposed by Phoong et al. and the conventional triplet FB in that it employs multiple lifting steps similar to the conventional lifting structure. Apart from the important structural PR property, the multi-plet FB can be systematically designed to meet a given specification on the passband/ stopband ripples and transition bandwidth: a low-order prototype PR FB with a much wider transition band is first designed using nonlinear optimization in order to obtain a symmetric frequency response and prescribed passband and stopband ripples. As only a few variables are required, its performances can easily be controlled. A subfilter is then designed using second-order cone programming (SOCP) so that the prototype FB can be warped by means of frequency transformation to meet the desired transition bandwidth, while preserving the PR condition, passband/stopband ripples and lifting structure of the prototype FB. The design procedure is very general and it applies to both linear-phase/low-delay FIR and IIR multi-plet FBs. By formulating the -regularity conditions as a set of linear equality constraints on the subfilter coefficients, multi-plet-based wavelet bases can easily be designed under the SOCP framework. Design examples show that the proposed approach offers more flexibility in controlling the frequency characteristics of the PR FBs and lower design complexity than conventional methods.
I. INTRODUCTION

P
ERFECT reconstruction (PR) filter banks (FBs) have important applications in signal analysis, coding, and the design of wavelet bases. An efficient structure of two-channel finite-impulse response (FIR)/allpass FBs, which structurally satisfies the PR condition, was the structural PR FB proposed by Phoong et al. [1] . Subsequent works for the design of low-delay FIR and infinite-impulse response (IIR) structural PR FBs and wavelet bases can be found in [2] - [6] . One limitation of this structure is that the magnitudes of the low-pass and high-pass analysis filters at in the linear-phase case are respectively restricted to 0.5 and 1, or vice versa, which make the frequency response of the FB asymmetric. In another structural PR FBs called triplet FBs [7] , a generalization of the structure in [1] , Manuscript more symmetric frequency responses can be obtained by properly choosing the parameters in the structure. The triplet FBs are parameterized by three subfilters and three delay parameters. To meet different design specifications, these subfilters can be chosen as arbitrary functions such as linear-phase FIR [7] - [9] and low-delay FIR [10] , [11] functions. Because of the structural PR property, the design of PR FBs can be simplified to general filter design problems. The flexibility and effectiveness of the abovementioned structural PR FBs motivate us to study further a new class of two-channel structural PR FBs with multiple lifting steps called the multi-plet FBs. The proposed approach can be regarded as an extension of the structural PR FBs [1] - [6] and the triplet FBs [7] - [11] , which are based on the lifting structure with two and three lifting steps [12] , [13] , respectively. Furthermore, it is shown later in this paper that the design of the proposed multi-plet FB is closely related to the concept of frequency transformation of digital filters studied by Saramaki [14] and Kaiser et al. [15] . As a result, the frequency characteristics of the multi-plet PR FB can be varied online by varying the subfilter or the transformation kernel. More precisely, if an two-channel PR FB is expressed in certain ladder or lifting structure having the same subfilter of the form in all the lifting steps, then appropriate frequency transformation similar to the approach in [14] and [15] can be applied directly to the lifting structure to obtain another PR FB with the same number of lifting steps having the same passband and stopband ripples but an arbitrary sharp transition bandwidth. Thus, the design of the multi-plet FB can be divided into two sub-problems: i) the design of a prototype PR FB to meet a certain specification on the passband and stopband ripples; and ii) the design of a subfilter which determines the cutoff frequency of the final multi-plet FB after transformation.
The proposed multi-plet FB is particularly useful in designing two-channel PR FB with narrow transition bandwidth. To design such narrow transition band FBs, a prototype PR FB with a much wider transition bandwidth is first designed using nonlinear optimization in order to obtain a symmetric response and given passband and stopband ripples. As only a few variables are required, its performances can easily be controlled. By properly designing the subfilter, the frequency response of the prototype FB can be warped by means of frequency transformation to meet the desired transition bandwidth, while preserving the PR condition. The transformed multi-plet FB can also be implemented as a lifting structure with the same number of lifting steps as its prototype. Like the structural PR and triplet FBs, the PR condition is preserved under coefficient quantization. Another important advantage of this structure is that the lengths and the passband delays of the analysis/synthesis filters can be made closer to each other, which simplifies practical implementation and reduces the number of additional delay elements required to process the subband signals. Moreover, a systematic design procedure and design formulae for the proposed method are available to meet a given specification on the passband and stopband ripples and transition bandwidth of the final PR FB.
The major difficulty in step i) of the design of multiplet PR FB is the determination of the lifting coefficients in the lifting structure. For the conventional triplet FBs [7] with three lifting steps, the prototype PR FB has relatively fewer degree of freedom than the multi-plet FB and the lifting coefficients can be determined by considering the responses at certain frequency points, say , and . In the multi-plet case, the determination of these coefficients becomes a nontrivial task since the lifting factorization using Euclidean factorization [12] , [13] is in general nonunique and there are many possible choices of these coefficients. To overcome this problem, a prototype PR FB with type 1 FIR linear-phase analysis filters (i.e filters with odd length and symmetric impulse response) is employed so that it can be factored uniquely into a ladder or lifting structure [16] , [17] and subsequently transformed to the meet the desired specifications using the techniques in [14] and [15] .
Apart from designing linear-phase PR FBs, we found that the proposed design approach is also applicable to the design of low-delay multi-plet FBs. For FIR linear-phase subfilters, the transformed multi-plet FB is a FIR linear-phase FB and its system delay is governed by the length of the subfilter and the number of lifting steps (i.e., the length of the prototype FB). To reduce the system delay, approximately linear-phase FIR subfilters can be used instead of linear-phase FIR subfilters as in [2] , [4] , [10] and [11] . Design results show that the proposed low-delay multi-plet FB offers a comparable performance as, but considerably lower system delay than, their linear-phase counterparts. In addition, we also extend this method to the design of causal stable IIR subfilters using the model reduction technique in [18] and [19] . The idea is to determine initially the denominator of the IIR function given the target FIR subfilter, and then optimally design the numerator using second-order cone programming (SOCP) given the denominator determined at the first stage. This approach has the advantages of simple design procedure and the ability to preserve properties of the target FIR subfilter. Moreover, the stability of the IIR subfilter so obtained is guaranteed. Additional constraints, such as prescribed -regularity or peak ripple constraints, can be readily imposed to improve the frequency characteristics of the resulting IIR multi-plet FB. Consequently, causal stable IIR multi-plet FBs and wavelet bases can be obtained. Similar to the works in [1] and [20] , the proposed multi-plet FB can also be extended to multi-dimensional FBs [21] .
For the design of the FIR/IIR subfilters in step ii) above, we formulate the design problem as a convex programming problem and solve it using SOCP [22] - [25] . Alternatively, another flexible convex optimization tool called semidefinite programming (SDP) [4] , [10] , [11] , [26] can also be used. The main advantage of using SOCP and SDP is that the problem is convex and the global optimal solution, if it exists, is guaranteed. Furthermore, a wide variety of constraints such as linear equality and inequality constraints and convex quadratic inequality constraints can be imposed readily to meet different design objectives and constraints. Interested readers are referred to [22] - [25] for more details of SOCP and its application to filter design problems. Using the SOCP formulation, it is also possible to impose prescribed -regularity constraints on the multi-plet FBs in order to obtain muti-plet-based wavelet bases. The required -regularity condition is a set of linear equality constraints on the subfilter. Interestingly enough, the transformed multi-plet FBs can be used to construct wavelet bases by an appropriate transformation, even though the prototype FB is not a wavelet FB.
It should be noted that there are previous works on the design of two-channel PR FBs using frequency transformation [6] , [20] , [27] . The present work extends the frequency transformation concept in [14] and [15] to the lifting structure, which was also pointed out in the conclusion of [28, section V, 2nd paragraph]. In the proposed frequency transformation approach, it is possible to derive a systematic procedure and design formulae to meet a given design specifications of passband and stopband ripples and transition bandwidth. These relations between the prototype FB and the transformed FB were not discussed in detail in [6] , [20] and [27] so that it is not clear how to control the frequency characteristics of the latter precisely. In addition, we also study low-delay FIR PR FBs in this work, while [20] and [27] mainly focus on linear-phase FIR PR FBs. The paper is organized as follows: the proposed multi-plet FBs and the concept of frequency transformation are introduced in Section II. Section III is devoted to the design of the prototype FBs and the factorization of the prototype FBs into multiple lifting steps. The FIR/IIR subfilter design problems are addressed in Sections IV and V, where the proposed SOCP formulations are given. The derivation of the prescribed -regularity constraints and a method for imposing these constraints will also be introduced. The effectiveness of the proposed approach is then demonstrated by several design examples in Section VI, and finally, conclusion is drawn in Section VII. Fig. 1 shows the general structure of two-channel maximally decimated FB. The -transform of the output is
II. MULTI-PLET TWO-CHANNEL PR FIR FBS
The two-channel FB is PR if and , where is an integer and is a nonzero constant. Therefore, the input and output of the PR FB are identical up to a time delay of samples and scaling, i.e., . 
A. Lifting Structure
The general structure of the multi-plet two-channel analysis FBs is shown in Fig. 2(a) . It is parameterized by subfilters , delay parameters , lifting coefficients , and 2 scaling constants and for . For convenience, let us consider Fig. 2(b) , which is obtained from Fig. 2(a) by moving the decimators to the right of the subfilters using the noble identity [29] . The -transform of the intermediate filter after the th lifting step can be written as the following recursion:
. For reasons to be apparent later (please see Section II-B), we assume that the lengths of and , denoted respectively by and , are odd integers with . Hence, the -transforms of the resultant analysis and synthesis filters in the lifting structure can be written as follows:
and (2-2a) and (2-2b) It can be verified that the synthesis filters can be realized using the structure in Fig. 2(c) . Next, we shall consider a special case of lifting with identical subfilters
For causal implementation of such FB, the delay parameters should be chosen as follows:
and (2-4) where is the passband group delay of . As a result, the group delays of the analysis filter pair, and , are, respectively, given by and (2-5)
It will be seen later in Section III that an odd-length linear-phase PR FB can always be factored in such a form, called lifting structure, using Euclidean factorization.
B. Transformation of the Lifting Structure
If the lifting coefficients are properly chosen, multi-plet FBs with good frequency characteristic can be obtained and they are structural PR for arbitrary choice of the subfilters, which includes linear-phase/low-delay FIR and IIR filters. However, the determination of these coefficients is a nontrivial task since the lifting factorization using Euclidean factorization [12] , [13] is in general nonunique and there are many possible choices of these coefficients. To overcome this problem, a prototype PR FB with type 1 FIR linear-phase analysis filters (i.e., filters with odd length and symmetric impulse response) is employed. Furthermore, assume that the lengths of the analysis filters differ by two, then the prototype PR FB can be factored uniquely into a ladder or lifting structure having the same subfilter of the form in all the lifting steps. In the proposed approach, the variable , which is derived from the above term in the lifting step, will be transformed to obtain a new FB. To avoid any confusion, all the symbols associated with the prototype FB before transformation are augmented by the symbol " ". For instance, the -transform variable and its associated variable as mentioned above for the prototype FB are now denoted by and , respectively. Similarly, the various -transforms of the prototype filters , , and are now respectively replaced by , , and . For filters and FBs after transformation, and other common parameters such as , and , the conventional notations without the symbol " " will be employed.
Let the zero-phase responses of , denoted by , for be given by (2-6) In general, the zero-phase responses of the analysis filters can be expressed as follows:
For the sake of presentation, the causal counterparts of and are denoted respectively by and , and are referred to as the prototype FB. With the following substitution of variable: where is the zero-phase response of the subfilter for some positive integer , we obtain from (2-7) the zero-phase response of a new analysis filter pair as follows:
and (2-9) We call the corresponding causal FB the transformed FB of the prototype. Since the transformed FB is obtained by using the substitution in (2) (3) (4) (5) (6) (7) (8) , it can also be implemented by the same number of lifting steps as the prototype.
To analyze the effect of the transformation, let us express the -transform variable of the prototype (transformed) FB as , where is the digital radian frequency of the prototype (transformed) FB. From (2-8), the digital frequencies before and after transformation are related by . Fig. 3 shows graphically the relationship of the various quantities in the transformation. It can be seen that varies monotonically from 1 to as varies from 0 to , and the transition band of the prototype FB lies in the interval around or . Therefore, if is appropriately designed to have a sharper characteristics than around , then the transformed FB will have much narrower transition band. Furthermore, if we want to preserve the passband and stopband ripples of the prototype FB in the transformed FB, should map respectively the values of in the passband and stopband of the prototype FB to the new passband and stopband of the transformed FB. It should be noted that the characteristics of need not be monotonic in these regions, while it is better to maintain a monotonic characteristic in the transition band of the final FB. Here, we shall employ an equiripple characteristic for in the passband/stopband of the final FB. This is similar to frequency transformation approach of designing odd-length two-channel linear-phase FIR FBs [6] , [20] , [27] , except that we are now operating directly on the lifting structure of the prototype FB. It should be noted that and can lie outside the interval without affecting the PR condition of the transformed FB. However, one should check the magnitude response of the prototype FB outside the range to ensure that significant degradation of the frequency characteristic of the transformed FB will not be introduced . For simplicity, we shall assume that lies inside the interval in the rest of the paper.
Using these results, the design of a two-channel PR FB can be split into two much simpler sub-problems, namely the design of the prototype PR FB and the subfilter . The advantage of this approach is that the length of the prototype PR FB, which is targeted to have rather wide transition bandwidth, are relatively short. Therefore, the number of variables, and hence the design complexity of the prototype FB can be greatly reduced, as compared to the direct design of the target FB using nonlinear constrained optimization with large number of variables in order to satisfy the tight specifications. On the other hand, the transformed FB can achieve a much narrower and prescribed transition bandwidth by properly designing the subfilter using conventional filter design technique as we shall see later in Sections IV and V, while preserving the passband/stopband ripples of the prototype FB. Next, we shall determine the specifications of the prototype FB and the subfilters.
C. Design Specifications and Methodology
Obviously, the target specifications are identical to those of the transformed FB. Suppose that the specifications of the latter are as follows:
Low-Pass High-Pass (2) (3) (4) (5) (6) (7) (8) (9) (10) where specifies the cutoff frequency; and are respectively the passband and stopband ripples of the analysis filters and hence , for ,1. As mentioned earlier, the given specification can be met by first designing a prototype FB with the given passband and stopband ripples but with a wider transition band. After appropriate frequency transformation in (2) (3) (4) (5) (6) (7) (8) , the given transition bandwidth can be achieved, while preserving the lifting structure, PR property, and passband/stopband ripples. Therefore, the specifications of the prototype FB can be expressed as
Low-Pass
High-Pass (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) where is the cutoff frequency of the prototype FB. On the other hand, it can be seen from Fig. 3 that to transform the ripples of the prototype FB at the -domain to the frequency of interest at the -domain, the subfilter should satisfy the following specifications:
. (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) If the prototype FB is monotonic decreasing at the stopband, say a maximally-flat function in [27] , then an arbitrary small stopband attenuation can be achieved by choosing an appropriate subfilter that maps the value of the prototype FB near to the stopband. The basic idea is similar to the design procedures of the structural PR FB in [1] - [4] and the triplet FB in [7] - [11] , except that the prototype FBs in those FBs are fixed and have simple coefficients. In addition, since the design of those FBs is not viewed as a transformation, each subfilter is usually designed independently in order to obtain better performance. Alternatively, a set of prototype PR FBs with different passband/ stopband ripples can be designed offline. The subfilter can then be designed so that the transformed FB will be able to achieve a narrower transition bandwidth, while preserving the ripples of the prototype FB. Optimized prototype FBs usually lead to a better performance. It should be noted that the cutoff frequency of the prototype FB, , in (2-11) and (2-12) can be freely chosen as long as it is larger than the desired cutoff frequency. Therefore, numerous combinations of the prototype FBs and the subfilters can be employed so as to satisfy the specifications in (2-10). The optimal combination can be determined by designing prototype PR FBs with different orders and select the one that yields the lowest complexity.
III. FACTORIZATION OF PROTOTYPE FBS
A. Design of PR Prototype FBs
As discussed in Section II, we can start with the design of a two-channel odd-length linear-phase PR FB ( and ) which has a sufficiently high stopband attenuation but rather wide transition bandwidth. Therefore, the order of the analysis filters and the number of design variables required will be relatively small, making the nonlinear optimization much less complicated. With the choice of synthesis filters in (2-2b), the two-channel FB is PR if where for linear-phase FBs; and are respectively the lengths of and . From the discussion in Section II-B, we shall consider . In order to obtain a prototype FB with symmetric frequency responses, we consider the following objective function : subject to PR condition in where ;
is the cutoff frequency of the prototype FB;
; controls the degree of similarity between and ; and is the vector containing the filter coefficients of and (i.e., their impulse response coefficients). Here, is different from defined in (2-10) since larger sidelobes usually occur near the band edges. Moreover, to design wavelet FBs, appropriate factors can be incorporated into and as shown in the following form:
and (3-3) where and are the number of zeros to be imposed respectively at and for and . The above design problem is a constrained nonlinear optimization problem, which can be solved by the NCONF/DCONF subroutine in the IMSL library. Since and are linear-phase FIR filters, the number of variables can be reduced approximately by a factor of two. In addition, because of the relaxed specifications (i.e., wide transition bandwidth), the performance of the prototype FBs can easily be controlled although the design problem still requires nonlinear optimization. It should be noted that a set of prototype FBs can be designed offline so that they can be transformed to meet different specifications.
B. Factorization Using Euclidean Algorithm
For completeness, we shall briefly summarize the factorization of the linear-phase prototype PR FB using the Euclidean algorithm [16] , [17] . The factorization of general two-channel PR FB can be found in [12] , [13] . Suppose that the -transform of , ,1, is given by (3) (4) then its zero-phase response can be expressed as follows:
where , and is the th-order Chebyshev polynomial. Substituting into (3-5), one gets
where is related to and the coefficients of the Chebyshev polynomials. Comparing (3-6) with (2-7), we obtain for , and the scaling constants are given by
To simplify notation, we normalize and by and , respectively, and let and (3-8)
From the PR condition in (3-1), (or ) has to be a halfband filter and hence (or ) is also a zero-phase halfband filter. In other words, all even-indexed coefficients of (or ) are zero except for its constant term. To illustrate the idea of the Euclidean Algorithm, consider the zero-phase halfband filter , where (i.e., and ). According to (3) (4) (5) (6) (7) (8) , suppose that is given by , for ,1, then one obtains (3) (4) (5) (6) (7) (8) (9) because the coefficient of (the second largest power of ) of must be zero. Now consider another polynomial with a constant such that (3-10) (i.e., the term is removed), then, using (3-9) and (3-10), the coefficient of is equal to (3) (4) (5) (6) (7) (8) (9) (10) (11) and hence . Also, it can be seen that (or ) form another zero-phase halfband filter because of the fact that all the even-indexed coefficients of are zero. Consequently, similar results can also be applied to the division of by . Repeating this procedure gives rise to the Euclidean algorithm. More precisely, the basic idea of the algorithm is summarized as follows: (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) where and are respectively the quotient and remainder; and is the number of lifting steps (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) Note that in the last step ( ), the division in (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) should read (i.e., ). The lifting coefficients and the quotients are related by for (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) Once the constant parameters , and for are obtained, the prototype FB can be implemented as the lifting structure shown in Fig. 2 . As an example, consider the structure of the PR FB used in [1] . for . An example for can be found in [16] . Since is also a function of , extension of our approach to this case is straightforward. For simplicity, only the case in (3-14) (i.e., ) is considered in this paper. Next, we shall consider the design of the subfilters using SOCP.
IV. DESIGN OF FIR SUBFILTERS USING SOCP
A. SOCP Formulation
Although our discussion so far regarding the subfilter is focused on linear-phase FIR filters, we found that the proposed transformation method works well for approximately linear-phase subfilters. More precisely, in (2-8) is now transformed to , which is a complex quantity. However, it has a higher order than a linear-phase subfilter with the same passband delay in order to give a better approximation to the transformation characteristics. This is similar to the low-delay structural PR FBs in [2] and [4] , and the triplet FB in [10] and [11] , where the subfilters are chosen as low-delay, instead of linear-phase, FIR filters. The advantage over their linear-phase counterparts is that the overall system delay of the transformed FBs can be reduced.
To begin with, denote the transfer function of the FIR subfilter to be designed by where and are respectively the length and the impulse response of the subfilter. By introducing a delay term into (2-12), the desired response of the subfilter can be rewritten as (4-2) where with the maximum allowable ripple . From (4-1) and (4-2), we can see that is given by where is a delay reduction parameter. When , the subfilter is an even-length linear-phase FIR filter with symmetric impulse response because of the specification in (2-12). Consequently, has to be an odd positive integer. Moreover, it is observed that is related to a linear-phase halfband filter of the form with identical passband and stopband ripples. Since is twice of the ripple error of , the Kaiser's formula [30] can therefore be used to estimate the length of (denoted by ) and and hence we have . This provides a good starting point to determine to meet a given specification as shown in (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) . For the low-delay case, can be chosen as either odd or even integer, provided that is an odd integer, and is a positive integer corresponding to the amount of delay reduction. From (4-4), the estimated value of is increased until the required specification is met, since slightly longer subfilter length is usually required as compared to its linear-phase counterparts with the same specification.
For a given subfilter length, the design problem is to approximate the desired response by in the minimax sense by minimizing (4) (5) We shall formulate this problem as a convex programming problem and solve it using SOCP [22] - [25] . The advantage of formulating the objective function as a convex problem such as SOCP is that the resulting problem is convex and the optimal solution, if it exists, can be found. In addition, other linear equalities can easily be incorporated to obtain wavelet bases, as we shall illustrate later in this Section. Alternatively, (4-5) can be formulated as a semi-definite programming (SDP) problem [4] , [10] , [11] , [26] , which may provide more flexibility but requires a longer design time. For simplicity, only the SOCP formulation is considered below. To formulate the minimization problem of as a SOCP problem, is first expressed in terms of the design variables as (4-6) where , ; and denote respectively the real and imaginary parts of the elements inside the square bracket; and . Hence, (4-5) can be rewritten as follows:
for , where and . Discretizing the frequency variable over a dense set of frequencies in the range of interest, the constraints in (4-7) becomes . Moreover, by defining the augmented variable , (4-7) can be cast to the following standard SOCP problem: subject to (4) (5) (6) (7) (8) where , , ; denotes the Euclidean norm; and is a 1 zero vector. A similar formulation for the least squares (LS) criterion can also be derived.
B. Imposing the -Regularity Condition
To construct a wavelet FB, the analysis filter pair and should possess at least one zero at and , respectively. Let and (called the -regularity) be the number of zeros to be imposed respectively at and for and with . Hence, the -regularity condition can be written as follows: (4) (5) (6) (7) (8) (9) for and . Furthermore, let and be the roots of and , respectively. In general, more than one such solution may exist. We are only interested in those roots which lie inside the stopband region of the prototype FB. More precisely, we have and (4-10)
After the transformation of variable, the number of zeros imposed for the analysis filters is closely related to the filters with the following form: and (4-11) Therefore, the -regularity condition in (4-9) is equivalent to (4) (5) (6) (7) (8) (9) (10) (11) (12) for and . However, it is noticed that the constraints in (4) (5) (6) (7) (8) (9) (10) (11) (12) are contradictory to each other due to the upsampling operation and odd positive integer . For example, imposing one zero on at implies that also have one zero at . Since and are of different signs according to (4) (5) (6) (7) (8) (9) (10) , the constraints in (4-12) cannot be satisfied simultaneously. As a result, we further require and to satisfy the following condition:
Equations (4-10) and (4-13) give us the general conditions for constructing a wavelet FB, even if the prototype FB is not a wavelet FB. It should be noted that the prototype FBs considered in [1] - [10] are indeed wavelet FBs with -regularity of certain orders. In this case, we have , and are able to construct a wavelet FB by imposing a flatness of prescribed order to each subfilter (since the subfilter at each lifting step may be different) at . With (4-10) and (4-13), the -regularity condition can be simplified to for (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) where . It can be seen that if has zeros at , then and also have and zeros at and , respectively. Expanding (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) and after slight manipulation, one gets a set of linear equality constraints as follows: (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) and its matrix form is given by (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) where and for and . Here, denotes the ( )th entry of matrix . Under the SOCP framework, these additional linear equality constraints can be easily incorporated.
V. DESIGN OF FIR SUBFILTERS USING SOCP
In this section, the subfilter is assumed to be the following IIR function:
( 5-1) where and are, respectively, the lengths of numerator and denominator of with . To satisfy the specification in (2-12), we shall employ the SOCP-based model reduction technique proposed in [18] and [19] , which extends the method in [31] , to convert the desired FIR subfilter to an IIR filter in the form of (5-1). More precisely, the common denominator is first determined using a simple iterative design procedure, given a target FIR function. Once the denominator is obtained, the numerator is then designed in LS sense optimally using convex programming, say SOCP, where linear equalities or convex quadratic constraints can easily be imposed to further improve the frequency characteristic of the resulting IIR filter. Apart from its simple design procedure, the advantage of the model reduction approach in [18] and [19] is that the resulting IIR filter is guaranteed to be stable, and the frequency characteristics such as the magnitude and phase responses of the FIR prototype filter is well preserved. In order to approximate with small enough errors using the technique in [18] and [19] , we found that the length of the denominator of should satisfy the following condition:
where is the passband group delay of the FIR function and denotes the integer just larger than or equal to . In other words, according to (4-3), we have This tells us that the savings in number of multiplications and additions would be substantial if model reduction is applied to FIR functions with lower system delay. Therefore, it is preferable to use IIR filters when low system delay and low arithmetic complexity are of interest. In what follows, we shall mainly focus on the design of the numerator. Interested readers are referred to [18] , [19] and [31] for the determination of . After is designed, in (5-1) can be rewritten more compactly in matrix form of the design variables as follows: (5-4) where and . To approximate the response of by , given , in the LS sense, we have where , , and . To formulate the minimization problem of as a SOCP problem, (5-5) is rewritten as follows:
Moreover, by defining the augmented variable , the LS design problem can be reformulated as the following SOCP: subject to (5-7) where , and . As discussed in Section IV-B, it is possible to construct wavelet bases by imposing certain zeros at to the filter associated with the subfilter . Replacing in (4-14) by , one gets the following condition for the transformed FB to satisfy the -regularity condition:
and . It can be seen that if has zeros at , then and also have and zeros at and , respectively. To impose zeros on at , the coefficients of should satisfy the following linear equality constraints: (5-9) for and . Using the SOCP framework, it is very effective and convenient to impose these additional linear constraints on the subfilters because are known. To construct causal stable IIR multi-plet wavelet bases, identical subfilter satisfying (5-8) can be employed.
However, since the numerator is designed with LS design criterion after determining the denominator, larger ripple error is usually encountered near the band-edge of the model-reduced filter, which in turn degrades the stopband attenuation of the transformed FB. Therefore, to improve the frequency characteristic, additional constraints on the stopband ripples are imposed for (5) (6) (7) (8) (9) (10) where is the prescribed peak stopband ripple to be imposed on the analysis filters . To simplify the design, the first subfilters (denoted by , ) are obtained by model reducing its FIR counterpart using the model reduction technique in [17] , while the numerators of the remaining two subfilters are separately designed to satisfy the constraints in (5-10). Replacing in (2-1) with and substituting into (2-2), the peak stopband constraint in (5-10) can be rewritten as follows:
where , , ; and is defined in (5-4) . Note, and are designed in turn, i.e., and then in (5) (6) (7) (8) (9) (10) (11) . Moreover, in the design problem for each value of , , , and hence and are known. Therefore, (5-11) is a quadratic inequality constraint in and can be rewritten as the following SOCP constraint: (5) (6) (7) (8) (9) (10) (11) (12) where and
. By discretizing (5) (6) (7) (8) (9) (10) (11) (12) in the stopband region, these constraints on the peak ripples can be augmented to the existing SOCP constraints in (5-7) for determining . Note that it is also possible to obtain a wavelet base if , and are designed to satisfy (5-9) simultaneously. A similar formulation for the minimax criterion can also be derived. We now present several design examples.
VI. DESIGN EXAMPLES
In all the design examples, the frequency variable in the band of interest was uniformly digitized into evenly spaced samples. The SOCP optimization was carried out using the SeDuMi Matlab Toolbox [32] and it took less than 20 seconds to obtain the solution on a Pentium 4 1.8 GHz personal computer.
A. Example 1: Structural PR Two-Channel Linear-Phase FIR Multi-Plet FBs
In this example, two-channel linear-phase FIR multi-plet FBs with the following specifications are designed using the proposed approach: cutoff frequency , passband ripples (i.e., 3 dB passband deviation) and stopband ripples (i.e., 50-dB stopband attenuation). For these specifications, a low-order prototype FB with and is first designed as described in Section III-A. The specifications of this prototype FB are summarized in Table I and the corresponding frequency response is shown in Fig. 4(a) . For the sake of presentation, we refer it to as prototype FB I. After applying the Euclidian algorithm, it can then be realized as the lifting structure with lifting steps. The corresponding lifting coefficients and scaling constants are listed in the second column of Table II . From  Fig. 4(a) , it can be seen that should be chosen as so as to satisfy the prescribed passband and stopband ripples. In other words, we extract these passband and stopband regions of the prototype FB I and transfer their magnitudes to the transformed FB. In order for the subfilter to satisfy (2-12), its filter length is chosen to be 16 according to . The corresponding frequency response of the transformed FB derived from prototype FB I is shown in Fig. 4(b) . The specifications of the subfilter and the design results in this example are summarized in Tables III and IV , respectively. To illustrate the flexibility of the proposed transformation method, Fig. 4(c) and (d) show the frequency responses of the subfilters with different cutoff frequencies and the corresponding multi-plet FBs derived from [33] , the cutoff frequencies can be varied online. This illustrates that the proposed approach is very flexible and effective in controlling the frequency characteristics of the multi-plet FBs. As a comparison, we also consider the design of the conventional triplet FB proposed in [10] , [11] . The general design procedure of the triplet FB requires three separate designs of the subfilters and their lengths have to be chosen properly so as to satisfy different specifications. By a number of trials and errors, we found that the lengths of these three subfilters have to be 22 so as to satisfy the same specifications as above with the minimum arithmetic complexity. For the proposed approach, a similar result can be obtained by designing a single subfilter of length 22 using the prototype FB in the triple structure as listed in the forth column of Table II . The results are similar and are therefore omitted for simplicity. This conventional triplet FB has comparable arithmetic complexity and performance as the abovementioned multi-plet FB. On the other hand, it has a larger difference in the system delays of the analysis filters, which would be undesirable in practical implementation. In the multi-plet FB with multiple lifting stages, a longer prototype FB can be designed to have a wider passband/stopband width (i.e., narrower transition band) so that a shorter subfilter is able to transform it to meet the same specifications. As a result, the system delays of the analysis filters can be made closer to each other. This might be useful in real time applications, where their implementations are likely to be pipelined, because less additional delay elements are required to process two subband signals. Moreover, since there is no systematic design procedure for determining the subfilter lengths, one would have to try every combination of the subfilter lengths in order to meet the specification. This is rather time consuming and makes the design inefficient. For the proposed approach, the frequency response of the prototype PR FB, such as the passband and stopband ripples, can be controlled through optimization with few variables. Identical subfilters can then be designed separately to meet the specification. In summary, the proposed multi-plet FBs employ frequency transformation of appropriate optimized prototype filters to simplify the design to a single subfilter, which reduces the delays between the two analysis filters as well as the design complexity. Moreover, the same design procedure is applicable to multiple lifting steps. Next, we shall illustrate the incorporation of prescribed -regularity constraints into the transformed FBs to realize wavelet bases.
B. Example 2: Structural PR Two-Channel Linear-Phase FIR Multi-Plet Wavelet Base
In this example, two-channel linear-phase FIR multi-plet FBs with prescribed order of -regularity are designed. The specifications are: 5 dB passband deviation, dB stopband attenuation, and . It was found that a subfilter with and is able to meet the required specifications for prototype FB I. According to Section IV-B, a prescribed order of -regularity can be imposed to the multi-plet transformed FB by finding the value of in (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) . To this end, one can verify that one of the roots of and are respectively given by and . Since both of them satisfy the conditions in (4-10) and (4-13), the constraints in (4-15) with can be imposed to the subfilter so that a wavelet FB can be obtained although prototype FB I is not a wavelet FB. The frequency response, analysis scaling function and analysis wavelet function of the multi-plet transformed FB so obtained with are shown in Fig. 5(a) -(c), respectively. From Fig. 5(a) , it can be seen that the prescribed zeros are properly imposed. This demonstrates the usefulness of the proposed SOCP method in imposing the -regularity conditions.
As mentioned in Section II-C, different combinations of prototype PR FBs and subfilters can be employed to satisfy the given specifications. For illustrative purpose, another prototype FB (we call it prototype FB II for convenience) is also considered and designed to be a wavelet FB with . The specifications, and the lifting coefficients and scaling constants of the prototype FB II are summarized in Tables I and II , respectively. The corresponding frequency response is plotted as dash-dotted line in Fig. 5(d) . In order to satisfy the given specification for prototype FB II, and of the subfilter, as shown in the forth column of Table III , are chosen to be and 36, respectively. Since longer subfilter is required, the corresponding transformed wavelet FB has slightly higher arithmetic complexity and system delay than that of the wavelet FB derived by prototype FB I. The solid line in Fig. 5(d) shows the frequency response of the wavelet FB obtained from prototype FB II with and . The analysis scaling and wavelet functions so obtained are shown in Fig. 5 (e) and (f), respectively. From the last two column of Table IV, both multi-plet transformed FBs satisfy the overall specifications although they are transformed by different prototype FBs.
C. Example 3: Structural PR Two-Channel Low-Delay FIR and IIR Multi-Plet Wavelet Bases
This example illustrates the flexibility of the proposed approach in designing low-delay multi-plet PR FBs and wavelets. Again, we consider the transformation of PR prototype FB I. It is shown in Table III that the specifications of the subfilter are identical to those in Example 2 except that the parameters and of the subfilter are now set to 12 and 2, respectively. In other words, the multi-plet transformed FB is a wavelet basis and, from (2-5), the group delays of the desired analysis low-pass and high-pass filters are significantly reduced to 57 and 76 samples, as compared with 93 and 124 samples for the linear-phase case with in Example 2, respectively. The frequency and group delay responses of the multi-plet wavelet FB are respectively shown in Fig. 6(a) and (b) . It can be seen that the low-delay multi-plet wavelet FB is approximately linear-phase in the passband with peak group delay errors of 0.0098 samples for , and 0.0081 samples for . The regularity of the analysis filter pair, , was verified from the pole-zero plot of and in Fig. 6(c) . The analysis scaling and wavelet functions are, respectively, shown in Fig. 6(d) -(e). They are rather smooth, but not symmetric due to the low-delay constraint. The performances of the analysis filter pair are summarized in Table V . It can be seen that the passband and stopband ripple errors are slightly increased, as compared with its linear-phase counterpart in Example 2, in exchange for a much lower system delay.
Alternatively, IIR subfilters can be employed to further lower the arithmetic complexity. As discussed in Section V, the model reduction technique in [18] and [19] is applied to obtain the desired IIR subfilters from the designed FIR subfilter above. With , , the number of multipliers and adders are respectively 100 and 96, which are about 78% of those required for the FIR case. However, it can be seen from the dash-dotted lines in Fig. 6(f) that the LS solution exhibits significant ripples near the band edges and the stopband attenuation is significantly worsen. To improve the perfomance, peak stopband constraints of 50 dB and -regularity constraints are imposed during the model reduction of the above FIR subfilter. From the solid line in Fig. 6 (f), it can be seen that the maximum stopband attenuation of the proposed IIR FB is now increased from 48.08 dB and 49.08 dB to 50 dB for and , respectively. Also, as depicted in Fig. 6 (f) and the pole zero plot (not shown here due to page limitation), and have two zeros at and , respectively. The design results in this example are summarized in Table V . Finally, it should be noted that the multi-plet FB can be efficiently implemented using sum-of-power-of-two (SOPOT) coefficient and the multiplier block technique. This gives rise to very efficient multiplier-less realization. Interested readers are referred to [4] for more information in the multiplier-less realization of the structural PR FB in [1] . Furthermore, like the triplet FBs in [11] , the proposed multi-plet FB can be cascaded to form -channel PR FBs where is an integer power of two.
VII. CONCLUSION
A new class of two-channel structural PR FIR/IIR FBs called multi-plet FBs is presented. It generalizes the structural PR FBs and triplet FBs by employing multiple lifting steps as in conventional lifting structure. The design of the multi-plet FBs can be done in two separate steps: i) a low-order prototype PR FB with a much wider transition band is first designed using nonlinear optimization in order to obtain a symmetric frequency response and prescribed passband/stopband ripples; and ii) a subfilter is then designed using SOCP so that the prototype FB can be warped by means of frequency transformation to meet the desired transition bandwidth, while preserving the PR condition, passband/stopband ripples and the lifting structure. Under the SOCP framework, linear equalities such as the -regularity constraints can be easily incorporated in the design of the subfilter to obtain muti-plet-based wavelet bases. To further reduce the system delay of the proposed multi-plet FBs, the design of low-delay FIR and causal stable IIR subfilters is also considered. Design examples show that the proposed approaches provide more flexibility in controlling the frequency characteristic of the PR FBs and lower design complexity than conventional methods.
